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Summary	  

•  The	  problem	  of	  searching	  small	  signals	  at	  unknown	  mass	  in	  high	  
energy	  physics.	  
•  Review	  of	  standard	  approach.	  

•  Inves.ga.on	  of	  a	  new	  analysis	  method	  (wavelet	  analysis).	  
•  Defini.on	  
•  Inspec.on	  of	  proper.es	  
•  Data	  
•  Comparison	  with	  other	  methods	  
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Context	  

•  The	  search	  of	  new	  physics	  phenomena	  is	  one	  of	  the	  most	  
relevant	  topic	  in	  recent	  years	  high	  energy	  physics.	  
•  Direct	  search	  at	  accelerators	  (LHC)	  requires	  an	  enormous	  effort	  

from	  the	  worldwide	  physic	  community.	  
•  Up	  to	  now,	  no	  evidence	  of	  new	  physics	  have	  been	  found	  at	  LHC.	  

•  The	  problem	  of	  searching	  a	  new	  par.cle	  in	  LHC-‐like	  condi.ons:	  
•  The	  signal	  is	  very	  small.	  
•  The	  new	  par.cle’s	  mass	  is	  unknown.	  
•  The	  background	  is	  in	  general	  (very)	  huge.	  

11/06/14	  
M
argherita	  Spalla	  

3	  



Par.cle	  measurement:	  a	  reminder	  
•  A	  decaying	  par.cle	  is	  detectable	  as	  a	  

resonance	  in	  the	  invariant	  mass	  spectrum	  
of	  it’s	  decay	  products.	  
•  Both	  it’s	  mass	  and	  cross	  sec.on	  are	  

determined	  from	  the	  mass	  spectrum.	  
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•  In	  the	  scenario	  we’re	  considering,	  such	  a	  signal	  should	  be	  
dis.nguished	  among	  a	  background	  orders	  of	  magnitude	  huger	  than	  
the	  signal	  itself.	  
•  Background	  shape	  can	  be	  simulated	  with	  

MonteCarlo	  (MC)	  or	  fiZed	  to	  the	  data	  
themselves.	  

•  Any	  excess	  with	  respect	  to	  background	  is	  then	  
considered.	  

•  Standard	  sta.s.cal	  tools	  are	  applied	  to	  
determine	  if	  a	  given	  excess	  is	  due	  to	  sta.s.cal	  
fluctua.on	  or	  is	  the	  evidence	  of	  a	  new	  par.cle.	  
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Hypothesis	  test	  
•  Check	  if	  the	  data	  are	  incompa.ble	  with	  a	  given	  hypothesis	  (null	  

hypothesis	  	  H0).	  

•  This	  is	  done	  compu.ng	  the	  probability	  (p-‐value)	  of	  finding	  an	  excess	  
equal	  or	  greater	  than	  the	  one	  in	  data.	  

•  A	  small	  p-‐value	  indicates	  that	  the	  null	  hypothesis	  can	  be	  rejected	  (i.e.	  
the	  excess	  is	  a	  signal)	  

	  
•  More	  complex	  extensions	  of	  the	  hypothesis	  test	  have	  been	  

developed	  for	  the	  case	  in	  which	  there	  is	  no	  informa.on	  on	  the	  
mass	  of	  eventual	  signals	  (mul.ple	  hypothesis	  test,	  Bump	  Hunter).	  

•  In	  most	  cases,	  this	  kind	  on	  analysis	  relies	  on	  background	  modeling.	  
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Alterna.ve	  method:	  wavelet	  analysis	  
•  Wavelet	  analysis	  was	  developed	  to	  detect	  localized	  structures	  in	  .me	  

series,	  it	  is	  based	  on	  wavelet	  transform.	  
•  Wavelet	  transform	  is	  an	  evolu.on	  of	  Fourier	  transform,	  subs.tu.ng	  the	  

plane	  wave	  func.on	  with	  a	  local	  complex	  func.on	  Ψ(ξ).	  

•  It	  can	  be	  applied	  to	  the	  analysis	  of	  any	  random	  variable	  m	  of	  density	  f(m).	  
•  Here,	  f(m)	  is	  the	  invariant	  mass	  spectrum.	  

•  It	  is	  applied	  in	  a	  variety	  of	  fields:	  
•  Denoising	  tool	  (e.g.	  in	  gravita.onal	  waves	  experiments)	  
•  Data	  compression	  (JPEG	  standard)	  
•  Analysis	  of	  quasi	  periodic	  phenomena	  (geophysics,	  metereology)	  	  
•  Detec.on	  of	  weak	  light	  sources	  in	  photon	  coun.ng	  detec.on	  images	  
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•  The	  wavelet	  analysis	  is	  a	  mul.scale	  method:	  it	  allows	  to	  separate	  
structures	  of	  different	  dimension	  in	  mass.	  

•  Wavelet	  transform	  (con.nuous):	  
•  Here,	  ψ	  is	  the	  Mexican	  Hat	  

(DoG)	  func.on.	  
•  It	  can	  be	  any	  local	  func.on	  

with	  zero	  mean.	  

•  Varying	  m	  and	  the	  scale	  s,	  W(m,s)	  gives	  a	  global	  
picture	  of	  f(m)	  features.	  

	  

•  In	  prac.ce,	  f(m)	  is	  subs.tuted	  by	  the	  mass	  
histogram.	  

4.2 Wavelet transform calculation

In this section, some aspects of practical wavelet transform calculation are pre-
sented.
Although it is possible to calculate the wavelet transform of a discrete sequence xn

using equation (4.3), it is considerably faster to do the calculation in Fourier space
[1]. To apply equation (4.3), it would be necessary to calculate the convolution as
many times as the number of bins (for each scale), while the convolution theorem
allows to do all the convolutions simultaneously for each scale.
The discrete Fourier transform of xn is given by equation (4.4), where k “ 0...N´1
is the frequency index, while the Fourier transform of a (continous) function
 pm{sq is  ̂ps!q.

x̂k “ 1

N

N´1ÿ

n“0

xne
´i2⇡kn{N (4.4)

By the convolution theorem, the wavelet transform is the inverse Fourier transform
of the product x̂k ¨  ̂ps!kq, as in the equation (4.5), where !k is defined as in
equation (4.6).

W pm, sq “ Wnpsq “
N´1ÿ

k“0

x̂k ̂
˚ps!kqei!k

n�m (4.5)

!k “
"

2⇡k
N�m

if k § N
2

´ 2⇡k
N�m

if k ° N
2

(4.6)

Using equation (4.5) and a Fourier transform routines, the wavelet transform can
be calculated at all n simultaneously and e�ciently for any given s [1].

4.2.1 Choice of scales

W pm, sq, as a continuos function of s, can be approximated by computing the
wavelet transform for a set of scales.
In many cases6 a suitable set of scales must be chosen to build up a more complete
picture.
In literature, it is proposed as the most convenient choice to write the scales as
fractional powers of two (as given by expression (4.7)). This solution will be
adopted here too.

sj “ s02
j�j , j “ 0, 1, ..., J (4.7)

6Wavelet functions  form a set of functions that can be orthogonal or non-orthogonal. In
the orthogonal case the set is discrete and therefore the choice is limited to a discrete set of
scales. Here, nonorthogonal wavelets are considered and one can use an arbitrary set of scales.
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Wavelet	  analysis:	  an	  example	  
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3D	  view	  

2D	  view	  

Wavelet	  transform	  

Invariant	  mass	  spectrum,	  small	  binning	  

Flat	  background:	  10000	  events.	  
	  

Gaussian	  signal:	  100	  events,	  	  
mean	  μ=100	  GeV,	  width	  σ=15	  GeV.	  
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•  The	  wavelet	  transform	  of	  a	  gaussian	  signal	  is	  expected	  to	  be	  a	  bell-‐
shaped	  func.on	  of	  m,	  peaking	  at	  the	  signal	  mass.	  
•  The	  peak	  height	  can	  be	  an	  es.mator	  of	  the	  number	  of	  signal	  events	  

Nev.	  

•  To	  reject	  background,	  only	  
wavelet	  transform	  maxima	  found	  
in	  an	  appropriate	  scale	  region	  are	  
considered.	  

Example	  without	  background:	  W(m,js=29)	  

4.3.3 Signal shape

In wavelet analysis, the intensity and width of a signal peak must be extracted
from the shape of the W pm, sq peak.
The wavelet transform (using the DoG wavelet) of a gaussian shape can be com-
puted explicitly by continuos wavelet transformation. Equation (4.14) shows the
result for a gaussian of mean µ and variance �2. It has been used m “ n dm where
m is the mass, n the bin number and dm the bin width.

W pm, sq “ Aps, �q ¨ �m ¨ Nev ¨
ˆ
1 ´ pn�m ´ µq2

�2 ` s2

˙
e

´ pn�m´µq2
2p�2`s

2q (4.14)

W pm, sq is therefore expected to peak at the signal mass and the peak intensity
to be proportional to the number of signal events Nev.
As a consequence of wavelet transform definition, the values of W at di↵erent
masses (and scales) are hightly correlated, so that a fit of W pmq at fixed s (or
vice-versa) should be avoided.
In literature [34] it is suggested that the best reconstruction of signal properties
should be done by measuring W pm, sq peak in scale and mass.
In next sections, various methods to define a calibration relation between W peak
and signal intensity and standard deviation will be shown. AlthoughW pm, sq peak
resulted to be proportional to the number of signal events Nev, the calibration is
complicated by the presence of a varying background in wavelet transform.

47
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Non	  flat	  background	  
•  A	  non	  flat	  background	  strongly	  affects	  the	  wavelet	  transform,	  

making	  difficult	  to	  iden.fy	  the	  signal.	  
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105	  background	  events	  
500	  signal	  events	  
Mean	  =	  200	  GeV	  
Sigma	  =	  15	  GeV	  
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•  With	  an	  appropriate	  choice	  of	  acceptable	  
scales	  region	  and	  contour	  levels,	  a	  not	  too	  
small	  signal	  can	  s.ll	  be	  visible.	  

•  The	  method	  performances	  are	  strongly	  
reduced.	  
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Non	  flat	  background	  (2)	  
•  A	  more	  efficient	  solu.on	  is	  to	  fit	  the	  background	  shape	  and	  

subtract	  the	  fit	  result	  from	  real	  data.	  
•  Since	  the	  wavelet	  analysis	  is	  sensi.ve	  to	  any	  small	  structure,	  fit	  

quality	  is	  a	  very	  delicate	  point.	  
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105	  background	  events	  
500	  signal	  events	  
Mean	  =	  200	  GeV	  
Sigma	  =	  15	  GeV	  

•  Simulated	  samples	  represent	  the	  ideal	  case	  in	  which	  the	  background	  is	  a	  
pure	  exponen.al,	  this	  is	  not	  the	  case	  in	  real	  data.	  
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Tes.ng	  the	  method:	  W(m,s)	  vs	  Number	  
of	  signal	  events	  

•  Background	  samples	  with	  a	  gaussian	  signal	  (μ=100	  GeV	  σ=15	  GeV)	  
have	  been	  generated	  using	  toy	  MonteCarlos.	  

•  The	  height	  of	  W(m,s)	  peaks	  has	  been	  measured	  varying	  the	  number	  
of	  signal	  events	  (S).	  
•  Only	  peaks	  found	  inside	  the	  acceptance	  region	  [μ-‐σ;μ+σ]	  are	  

considered.	  
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•  A	  first	  check	  of	  the	  
method	  has	  been	  
done	  genera.ng	  only	  
signal	  events.	  
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Tes.ng	  the	  method:	  W(m,s)	  vs	  Number	  
of	  signal	  events	  
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•  Adding	  105	  (exponen.al)	  background	  events	  W	  maxima	  height	  is	  s.ll	  a	  
linear	  func.on	  of	  S	  with	  good	  approxima.on.	  	  
•  The	  background	  has	  been	  fiZed	  and	  subtracted	  before	  the	  wavelet	  

transform.	  
•  The	  constant	  term	  has	  increased	  because	  of	  background.	  
•  The	  slope	  has	  varia.on	  smaller	  than	  percent.	  

105	  
background	  

events	  

Result	  without	  background:	  
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Sta.s.cal	  treatment	  
•  An	  hypothesis	  test	  is	  performed	  locally,	  evalua.ng	  W(m,s)	  

distribu.on,	  fixed	  m,s.	  
•  xn	  are	  Poisson	  variables:	  we	  assume	  gaussian	  approxima.on	  to	  be	  

valid.	  
»  The	  data	  arithme.c	  mean	  is	  subtracted	  before	  making	  the	  wavelet	  

transform,	  then	  xn	  should	  have	  zero	  mean.	  
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4.1 The wavelet transform

As previously stated, the wavelet transform can be interpreted as a sort of local
Fourier transform, where the complex exponential is replaced by a local function
of variable scale.
If  0p⇠q is a complex function satisfying the wavelet function “admissibility” re-
quirements, then the wavelet transform of a function fpmq is defined in equation
(4.2), where  ˚p⇠q is the wavelet complex conjugate.

W pm, sq “
ª
fpm1q ¨  ˚

ˆ
m1 ´ m

s

˙
dm1 (4.2)

The wavelet function  
`
m1´m

s

˘
is named a daughter of the mother wavelet  0,

centered in m and scaled by the wavelet scale s.
The scale s changes the ‘size’ of the wavelet. In practice, W pm, sq explores fpmq
at the mass m with a resolution s (this can be particularly evident in the case  0

is the DoG wavelet, reported in the third line of table 4.1). By varying m through
the whole mass range and s through all resolvable scales, fpmq is represented in
two dimensions: the mass and the resolution.
This is a convenient tool for the search of hidden structures in the case fpmq is an
experimental quantity. W pm, sq gives a global picture of fpmq features: at large
scales, only very large structures will appear, while at smaller scale the wavelet
transform is sensitive to very small details that can confuse the pattern. Some
intermidiate scale could reveal interesting structures.
The discrete case is equivalent. The function fpmq is replaced by the discrete
quantity xn; if N is the total number of bins, the wavelet transform is defined in
equation (4.3).

W pm, sq “ Wnpsq “
N´1ÿ

n1“0

xn1 ¨  ˚
ˆpn1 ´ nq�m

s

˙
being : m “ n ¨ �m (4.3)

In literature, many types of wavelet functions are considered, figure 4.1 lists a few
of the more common ones.
In this thesis, the Mexican Hat wavelet function (also named DoG as reported
in figure 4.1) is used as mother wavelet for the entire analysis, because its bell-
shaped profile is similar to that of the searched resonances. The wavelet transform
is therefore expected to be sensitive to the intensity of data structures and their
position in mass4.
Wavelet analysis is then performed by representing and quantitatively analyzing
the wavelet transform W pm, sq as a function of both the mass and the scale.

4Oscillating  0 are used for other purposes, e.g. searching for a localized periodicity in data.
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4.1 The wavelet transform

As previously stated, the wavelet transform can be interpreted as a sort of local
Fourier transform, where the complex exponential is replaced by a local function
of variable scale.
If  0p⇠q is a complex function satisfying the wavelet function “admissibility” re-
quirements, then the wavelet transform of a function fpmq is defined in equation
(4.2), where  ˚p⇠q is the wavelet complex conjugate.

W pm, sq “
ª
fpm1q ¨  ˚

ˆ
m1 ´ m

s

˙
dm1 (4.2)

The wavelet function  
`
m1´m

s

˘
is named a daughter of the mother wavelet  0,

centered in m and scaled by the wavelet scale s.
The scale s changes the ‘size’ of the wavelet. In practice, W pm, sq explores fpmq
at the mass m with a resolution s (this can be particularly evident in the case  0

is the DoG wavelet, reported in the third line of table 4.1). By varying m through
the whole mass range and s through all resolvable scales, fpmq is represented in
two dimensions: the mass and the resolution.
This is a convenient tool for the search of hidden structures in the case fpmq is an
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) W (m, s) ⇠ N(0,�m,s)

equation (4.11).

W pm, sq “
N´1ÿ

n1“0

xn1 ¨  ˚
ˆpn1 ´ nq�m

s

˙
“

N´1ÿ

n1“0

xn1 ¨ cn1pm, sq (4.11)

W pm, sq distribution has been simplified by assuming gaussian approximation to
be valid for xn distribution. Furthermore, significance level calculation is done,
here, after background subtraction (see section 4.3.1), so that the bin contents are
distributed as gaussian variables with µb “ 0 and �b “ xn, where xn is the bin
content mean before background subtraction.
W pm, sq is thus distributed as a gaussian of zero mean and variance �2

pm,sq given
by equation (4.12).

�2
pm,sq “ V arpW pm, sqq “

N´1ÿ

n1“0

xn1 ¨ |cn1pm, sq|2 (4.12)

The ↵ confidence level is computed for a standard normal distribution Np0, 1q, as
in equation (4.13). Since we are interested in detecting only positive peaks, the
confidence level is calculated only for the upper tail of the gaussian distribution.

↵ “
ª 8

x
CL

Np0, 1qdx (4.13)

The obtained level is then compared to W pm, sq{�pm,sq („ Np0, 1q if H0), i.e. the
wavelet transform scaled by the standard deviation �pm,sq, dependent on the mass
and scale values.
This method have been tested on background samples obtained with toy Monte-
Carlo; a detailed description will be presented in section 6.7.
In this thesis has been used ↵ “ 5%. This is a local confidence level, computed
for each single bin.
The global significance (i.e. the probability of having more than one signal any-
where in the mass region) should also be computed in case of claim of a new signal.
However, gaussian signals as those expected for this thesis (NpµS, �

2 » p15GeVqq2)
are mainly detected at large scales (see chapter 5). At these scales the DoG wavelet
is almost as wide as the considered mass interval. This limits the number of pos-
sible independent fake signals.
Also, the values of the wavelet transform at varying mass and scale are all corre-
lated and this complicates the definition of a global confidence level.
These fine details won’t be further discussed in this thesis.
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p-value =

Z 1

x0

N(0, 1)dx

x0 = W (m, s)/�m,s

•  The	  p-‐value	  is	  computed	  given	  the	  value	  
of	  W(m,s)/σm,s.	  	  

x0	  



Sta.s.cal	  treatment:	  empirical	  check	  
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•  We	  have	  checked	  the	  assump.on	  W(m,s)/σm,s	  ～	  N(0,1)	  compu.ng	  
empirically	  the	  cumula.ve	  distribu.on	  func.on	  (CDF)	  for	  W(m,s)/
σm,s	  using	  toy	  MonteCarlos	  with	  no	  signal	  added.	  

CDF((W/�)) =
X

(W/�)0>(W/�)

(W/�)0

W/sigma
0 1 2 3 4 5 60

0.2

0.4

0.6

0.8

1

wavelet peak: complement of cumulative distribution function

-  W/σ:	  distribu.on	  func.on.	  
-  W/σ:	  CDF	  
-  CDF	  of	  N(0,1)	  •  The	  distribu.on	  mean	  is	  nonzero:	  

probably	  because	  we	  are	  
considering	  W	  maxima,	  not	  single	  
bins.	  

Theore.cal	  CDF	  computed	  
using	  the	  W/σ	  empirical	  
mean	  

•  Empirically,	  the	  W/σ	  mean	  is	  
independent	  on	  the	  number	  of	  
background	  events.	  

µ
flat

= 1.37± 0.01

µ
exp

= 1.31± 0.01
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Efficiency
Fake Rate (i.e. efficiency computed with S=0)

Efficiency	  
•  Efficiency	  is	  computed	  injec.ng	  a	  gaussian	  signal	  (N(μ,σ))	  of	  

known	  mass	  on	  a	  simulated	  background.	  
•  Efficiency	  is	  the	  frac.on	  of	  cases	  in	  which	  a	  W(m,s)	  peak	  is	  found	  

in	  the	  mass	  window	  [μ-‐σ,μ+σ].	  
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•  Fake	  rate	  is	  
computed	  by	  
applying	  the	  same	  
algorithm	  with	  zero	  
signal	  events.	  

•  No	  requests	  are	  
made	  about	  the	  
significance	  of	  the	  
found	  peaks.	  

Fake	  rate	  

Exponen.al	  background,	  subtracted	  



Es.ma.on	  of	  the	  signal	  width	  
•  From	  the	  theory,	  a	  wider	  signal	  is	  expected	  to	  peak	  at	  larger	  

scales	  (i.e.	  at	  larger	  scale	  index	  js)	  
•  This	  property	  has	  been	  inves.gated	  using	  toy	  MonteCarlos.	  
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•  The	  scale	  index	  js	  of	  
the	  peak	  has	  been	  
measured	  varying	  
the	  signal	  standard	  
devia.on.	  

•  The	  scale	  index	  of	  
the	  peak	  tends	  to	  
saturate	  for	  large	  
signals.	  

105	  background	  events	  
1000	  signal	  events	  
Mean	  =	  100	  GeV	  



Applica.on	  to	  real	  data:	  available	  samples	  
and	  event	  selec.on	  
•  Invariant	  mass	  of	  jet	  pairs	  produced	  in	  associa.on	  with	  a	  

leptonically	  decaying	  W.	  
•  Data	  acquired	  by	  the	  ATLAS	  experiment	  in	  2011:	  √s=7	  TeV	  and	  	  

L=4.702	  u-‐1.	  
•  The	  Standard	  Model	  main	  contribute	  is	  the	  diboson	  produc.on	  

(WW/WZ).	  
•  Cross	  sec.on	  from	  the	  ATLAS	  collabora.on:	  

•  Dijets	  events	  are	  selected	  by	  requiring	  a	  W	  ⟶	  lν	  decay.	  
•  Events	  must	  contain	  one	  single	  charged	  lepton	  passing	  the	  object	  
selec.on	  and	  large	  missing	  transverse	  energy	  (i.e.	  a	  neutrino)	  

•  Cut	  on	  lepton-‐neutrino	  transverse	  mass	  to	  select	  W	  events.	  

•  A	  further	  selec.on	  is	  applied	  to	  jets	  to	  reduce	  background.	  

11/06/14	  
M
argherita	  Spalla	  

18	  

�WW/WZ = 72± 9 (stat.)± 15 (syst.)± 13 (MC stat) pb
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Applica.on	  to	  real	  data:	  Mjj	  samples	  
•  The	  analysis	  have	  been	  performed	  independently	  for	  two	  

channels:	  electron	  channel	  and	  muon	  channel.	  
•  Depending	  if	  the	  selected	  lepron	  is	  an	  electron	  or	  a	  muon.	  

•  For	  most	  of	  our	  analysis,	  the	  combined	  sample	  will	  be	  used.	  
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•  With	  a	  rough	  evalua.on	  of	  the	  selec.on	  acceptance	  the	  number	  of	  
expected	  diboson	  events	  is	  es.mated	  to	  be	  of	  order	  103	  for	  both	  
channels.	  

Muon	  channel.	  
Inclusive	  selec.on.	  

Electron	  channel.	  
Inclusive	  selec.on.	  



The	  fit	  problem	  
•  In	  real	  data,	  the	  background	  shape	  is	  not	  a	  simple	  exponen.al	  as	  

in	  toy	  models.	  
•  A	  combina.on	  of	  gaussian	  and	  exponen.al	  has	  been	  used	  as	  fit	  
func.on.	  

•  Test	  of	  the	  pure	  exponen.al	  approxima.on:	  
•  The	  mass	  range	  [130,330]	  GeV	  has	  been	  used	  as	  control	  region.	  
•  A	  simulated	  signal	  has	  been	  inserted	  at	  μ=200	  GeV	  
•  The	  signal	  has	  been	  detected	  at	  the	  right	  mass,	  but	  its	  width	  and	  

number	  of	  events	  are	  underes.mated.	  
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20	  •  The	  method	  should	  be	  calibrated	  using	  real	  data	  or	  a	  more	  
precise	  MC	  simula.on.	  

mpeak = 197.9 GeV

js = 25

Wpeak = 30.8

p-value = 0.21

µ = 200 GeV

� = 15GeV

signal events = 900

Inserted	  signal	   Detected	  signal	  

� ⇠ 6 GeV

signal events ⇠ 460



Data	  analysis:	  combined	  (e+μ)	  
•  Signal	  expected	  peak	  is	  very	  

close	  to	  background	  peak:	  
due	  to	  fit	  difficul.es,	  this	  
check	  of	  wavelet	  method	  is	  
not	  much	  significa.ve.	  
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Exponen.al+gaussian	  fit	  
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Gaus+Exponential residuals

•  A	  peak	  is	  found	  at	  the	  
expected	  mass.	  

W/Z	  mass	  

mpeak = 87.2 GeV

js = 27

Wpeak = 76.7

p-value = 0.003
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Data	  analysis:	  results	  
•  A	  peak	  is	  found	  at	  the	  expected	  mass.	  

•  The	  detected	  number	  of	  events	  is	  about	  1/5	  of	  the	  expected	  one	  (a	  
fewer	  frac.on	  than	  obtained	  with	  the	  simulated	  signal).	  

•  The	  underes.ma.on	  of	  the	  signal	  width	  is	  fewer	  than	  what	  observed	  in	  
the	  calibra.on.	  

•  A	  peak	  is	  found	  in	  both	  electron	  and	  muon	  channel	  treated	  
separately:	  
•  The	  masses	  are	  clearly	  compa.ble	  
•  The	  peaks	  have	  the	  same	  width.	  
•  The	  sum	  of	  the	  number	  of	  events	  detected	  in	  the	  two	  channels	  is	  

compa.ble	  with	  the	  number	  of	  events	  measured	  in	  the	  combined	  case.	  

Expected	   Measured	  

Signal	  events	  

Signal	  
standard	  devia.on	  

⇠ 1.5 · 103

⇠ 15 GeV ⇠ 10 GeV

⇠ 5 · 103
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Data	  analysis:	  
muon	  channel	  
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W/Z	  mass	  

mpeak = 87.55 GeV

js = 27

Wpeak = 57.9

p-value = 0.01
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Data	  analysis:	  
electron	  
channel	  
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W/Z	  mass	  

mpeak = 85.95 GeV

js = 27

Wpeak = 17.9

p-value = 0.3



•  The	  test	  sta.s.c	  is	  the	  likelihood	  ra.o	  Λ	  .	  

•  For	  this	  test,	  the	  expected	  mass	  of	  the	  signal	  must	  be	  known.	  More	  
general	  cases	  are	  being	  considered	  at	  present.	  
	  

Comparison	  with	  other	  methods	  
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•  Simple	  hypothesis	  test	  based	  on	  the	  likelihood	  ra.o.	  
Ø Consider	  a	  variable	  x	  of	  PDF	  f(x;	  θ1….θn).	  Given	  a	  measurement	  x0	  of	  x,	  
the	  likelihood	  (1)	  is	  a	  func.on	  of	  the	  parameters	  θi	  

	  
L(xi|✓1. . . ✓n) = f(xi; ✓1. . . ✓n) (1)

•  The	  mass	  spectrum	  is	  divided	  in	  a	  test	  region,	  
where	  the	  signal	  is	  expected,	  and	  a	  control	  
region.	  

•  The	  number	  of	  events	  in	  the	  control	  region	  
is	  used	  to	  es.mate	  the	  background.	  

	  

⇤ =
L(NT , NC |S = 0)

L(NT , NC |S 6= 0) �2 log⇤ ⇠ �2
(1)



p-Value
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-210

Mean p-Value 0.499995

high tail of chis2(1)

Direct	  comparison	  with	  wavelet	  analysis	  
•  Generate	  pseudo-‐experiments	  given	  B	  and	  S,	  for	  each	  one	  

compute	  the	  p-‐value	  and	  plot	  it.	  
•  If	  the	  null	  hypothesis	  is	  true,	  the	  p-‐value	  is	  uniformly	  distributed	  
between	  0	  and	  1.	  

•  To	  reproduce	  the	  same	  condi.ons	  in	  the	  two	  test,	  the	  wavelet	  peaks	  
are	  required	  to	  have	  a	  mass	  difference	  smaller	  than	  a	  standard	  
devia.on	  from	  the	  inserted	  signal.	  
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p-Value
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-210

Mean p-Value 0.500399

p-value computed for W max heightNo	  signal.	  105	  background	  events	  

Likelihood	  
ra.o	  

Wavelet	  
Wavelet	  p-‐value	  is	  only	  
approximately	  flat:	  the	  
gaussian	  
approxima.on	  for	  W/σ	  
is	  not	  perfect.	  
	  
The	  distribu.on	  does	  
not	  reach	  1	  because	  
we	  are	  considering	  
local	  maxima,	  not	  
single	  bins.	  
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Likelihood	  ra.o	   Wavelet	  
Mean	  p-‐values	  are	  
comparable	  in	  the	  two	  
cases.	  

Elimina.ng	  the	  requirement	  on	  the	  wavelet	  
peak’s	  mass,	  the	  p-‐value	  s.ll	  peaks	  at	  zero.	  
	  
	  
Extending	  other	  tests	  to	  the	  case	  of	  unknown	  
mass	  requires	  much	  more	  complica.ons.	  

p-Value
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-310

-210

-110

Mean p-Value 0.330444

p-value computed for W max height500	  signal	  events.	  	  
105	  background	  events	  

Wavelet:	  
unknown	  mass	  case	  



Conclusions	  
•  Wavelet	  analysis	  provided	  very	  promising	  results	  with	  toy	  

MonteCarlo	  simula.ons:	  
•  It	  is	  highly	  sensi.ve	  in	  the	  detec.on	  of	  small	  signals	  over	  large	  

background	  
•  It’s	  response	  is	  linear	  in	  the	  number	  of	  signal	  events	  

	  
•  When	  considering	  more	  realis.c	  background	  distribu.ons,	  the	  

method	  appears	  less	  performant:	  
•  Further	  calibra.on	  studies	  should	  be	  done	  in	  more	  realis.c	  

condi.ons.	  

•  Further	  test	  on	  known	  resonances	  should	  be	  done,	  avoiding	  
patological	  background	  condi.ons.	  

•  Compara.ve	  studies	  with	  standard	  research	  methods	  should	  be	  
developed.	  
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Table 4.1: Three wavelet mother functions and their Fourier transform [1]. Con-
stant factors for  0 and  ̂0 are for normalisation. The plots on the right give the
real part (solid) and imaginery part (dashed) for the wavelets as functions of the
parameter ⌘ (the same as ⇠ in the text).
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u  W(m,s),	  as	  a	  con.nuous	  func.on	  of	  s,	  can	  be	  approximated	  by	  compu.ng	  the	  wavelet	  
transform	  for	  a	  set	  of	  scales.	  	  	  
•  s0	  is	  the	  smallest	  resolvable	  scale:	  s0	  =	  δm	  
•  δj	  sets	  the	  smallest	  wavelet	  resolu.on:	  δj	  =	  0.25	  
•  J	  sets	  the	  value	  of	  the	  largest	  scale:	  J	  =	  44	  
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Details	  on	  wavelet	  transform	  calcula.on	  

u  It	  is	  considerably	  faster	  to	  compute	  the	  wavelet	  
transform	  in	  Fourier	  space.	  
•  The	  discrete	  Fourier	  transform	  of	  xn	  is:	  	  

•  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  the	  Fourier	  transform	  of	  a	  (con.nuous)	  
func.on	  ψ(m/s).	  

4.2 Wavelet transform calculation

In this section, some aspects of practical wavelet transform calculation are pre-
sented.
Although it is possible to calculate the wavelet transform of a discrete sequence xn

using equation (4.3), it is considerably faster to do the calculation in Fourier space
[1]. To apply equation (4.3), it would be necessary to calculate the convolution as
many times as the number of bins (for each scale), while the convolution theorem
allows to do all the convolutions simultaneously for each scale.
The discrete Fourier transform of xn is given by equation (4.4), where k “ 0...N´1
is the frequency index, while the Fourier transform of a (continous) function
 pm{sq is  ̂ps!q.

x̂k “ 1

N

N´1ÿ

n“0

xne
´i2⇡kn{N (4.4)

By the convolution theorem, the wavelet transform is the inverse Fourier transform
of the product x̂k ¨  ̂ps!kq, as in the equation (4.5), where !k is defined as in
equation (4.6).

W pm, sq “ Wnpsq “
N´1ÿ

k“0

x̂k ̂
˚ps!kqei!k

n�m (4.5)

!k “
"

2⇡k
N�m

if k § N
2

´ 2⇡k
N�m

if k ° N
2

(4.6)

Using equation (4.5) and a Fourier transform routines, the wavelet transform can
be calculated at all n simultaneously and e�ciently for any given s [1].

4.2.1 Choice of scales

W pm, sq, as a continuos function of s, can be approximated by computing the
wavelet transform for a set of scales.
In many cases6 a suitable set of scales must be chosen to build up a more complete
picture.
In literature, it is proposed as the most convenient choice to write the scales as
fractional powers of two (as given by expression (4.7)). This solution will be
adopted here too.

sj “ s02
j�j , j “ 0, 1, ..., J (4.7)

6Wavelet functions  form a set of functions that can be orthogonal or non-orthogonal. In
the orthogonal case the set is discrete and therefore the choice is limited to a discrete set of
scales. Here, nonorthogonal wavelets are considered and one can use an arbitrary set of scales.
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The scale index j has been often used in plotting wavelet transform, instead of the
scale itself. The meaning of other parameters in equation (4.7) and how they have
been fixed in this work is listed below.

• s0 is the smallest resolvable scale: in this work, s0 “ �m has been used (�m
is the bin size of the histogram).

• The choice of �j sets the smallest wavelet resolution: the smaller is the value
of �j, the finer is the resolution. Here �j “ 0.25 is used.

• J is defined from the value of the largest scale J “ �j´1log2psmax{s0q. To
follow [1], J “ 44 has been adopted.
It is quite evident that the maximum wavelet resolution should be approx-
imately as large as the whole mass range, i.e. smax » N�m. Having fixed
smax “ s02J�j, it follows that a range in mass of the order of 102 GeV has to
be used to perform the analysis.

4.2.2 Normalization

Wavelet transform normalization changes according to each analysis purposes. In
many cases, W pm, sq at di↵erent scales must be directly compared, therefore the
wavelet normalization at each scale is important.
For this thesis, the choice adopted in [1] was followed. Since the wavelet transform
is computed using the method in equation 4.5, the normalization is fixed for the
Fourier transform of the mother wavelet function  ̂0.  ̂0 is normalized to have
unit energy, as expressed in equation 4.87.

ª `8

´8
| ̂0ps!q|2d! “ 1 (4.8)

To compare the the wavelet at di↵erent scales, it is necessary that they all have
the same normalization. Therefore, for consistency all the daughter wavelets are
normalized in the same wav as  ̂0.
This normalization condition is satisfied adding a normalization constant as in
equation 4.9. Finally, this requirements imply that the wavelet daughters have the
property expressed by equation (4.10), where N is the number of points.

 ̂ps!kq “
ˆ
2⇡s

�m

˙1{2
 ̂0ps!kq (4.9)

N´1ÿ

k“0

| ̂ps!kq|2 “ N (4.10)

7The mother wavelets in table 4.1 are already normalized to satisfy the condition in equation
4.8
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u  Normaliza.on:	  W(m,s)	  at	  different	  scales	  must	  be	  directly	  
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wavelet	  func.on:	  it	  is	  normalized	  to	  have	  unit	  energy.	  
	  
•  The	  wavelet	  daughter	  are	  normalized	  in	  the	  same	  way	  adding	  a	  

normaliza.on	  constant	  to	  their	  Fourier	  transform.	  
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u  Fourier	  transform	  is	  computed	  padding	  with	  zeroes	  the	  end	  of	  the	  mass	  range:	  this	  influence	  
W(m,s)	  in	  the	  region	  close	  to	  the	  edges.	  
Ø  The	  Cone	  of	  Influence	  (COI)	  is	  the	  region	  in	  	  m	  ×	  s	  plane	  where	  edge	  effects	  are	  important.	  

Discon.nui.es	  at	  the	  edges	  decrease	  exponen.ally:	  at	  each	  scale,	  COI	  is	  defined	  by	  the	  ‘characteris.c	  
length’	  of	  this	  decrease.	  
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Efficiency
Fake Rate (i.e. efficiency computed with S=0)

Efficiency	  without	  background	  subtrac.on	  

•  Efficiency	  is	  the	  frac.on	  of	  cases	  in	  which	  a	  W(m,s)	  peak	  is	  
found	  in	  the	  mass	  window	  [μ-‐σ,μ+σ].	  
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Fake	  rate	  

Exponen.al	  background,	  
NOT	  subtracted	  
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No	  signal	  added	  No	  signal	  added	  

Calibra.on	  signal	  
added	  

Calibra.on	  signal:	  
µ = 200 GeV

� = 15GeV

signal events = 900

NOTE:	  only	  the	  interes.ng	  maximum	  is	  
marked	  by	  a	  black	  dot.	  
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Efficiency	  in	  iden.fying	  a	  gaussian	  
signal	  over	  a	  flat	  background,	  by	  
fixng	  the	  data	  with	  a	  gaussian	  
func.on	  superimposed	  to	  a	  
constant	  term.	  

Flat	  background:	  6000	  events.	  	  
Signal:	  100	  events,	  μ=100	  GeV,	  
σ=15	  GeV.	  

The	  signal	  width	  have	  been	  fixed	  
to	  15	  GeV	  in	  the	  fit.	  
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The	  “Bump	  Hunter”	  
•  Standard	  ATLAS	  tool	  to	  extent	  the	  hypothesis	  test	  to	  the	  case	  of	  

unknown	  mass.	  

1.  The	  invariant	  mass	  spectrum	  is	  divided	  in	  regions	  of	  varying	  center	  
and	  width.	  

2.  For	  each	  region,	  a	  p-‐value	  is	  computed,	  given	  the	  expected	  
background	  events	  in	  each	  region	  (obtained	  with	  data	  fixng	  or	  MC	  
studies).	  

3.  The	  smallest	  p-‐value	  is	  chosen:	  this	  is	  the	  test	  sta.s.cs	  X.	  

4.  A	  global	  p-‐value	  is	  computed	  using	  the	  PDF	  of	  X.	  

•  The	  tool	  will	  return	  the	  most	  significant	  interval	  and	  the	  
corresponding	  global	  p-‐value.	  	  

q Ref:	  	  
»  ATLAS	  internal	  web	  resources.	  
»  hZp://arxiv.org/abs/1101.0390	  	  
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SELECTION APPLIED TO DATA: OBJECT SELECTION�
Objects passing the selection are defined as good objects. �

�MUON	  SELECTION.	  
•  Combined	  muons	  are	  used.	  	  
•  Trigger:	  EF_mu18_MG,	  

EF_mu18_MG_medium.	  pT>25	  GeV	  is	  
required	  to	  restrict	  to	  the	  trigger	  
efficiency	  plateau.	  

•  Track	  quality	  cuts.	  
•  |η|	  <	  2.4	  
•  Impact	  parameter:	  |d0/√σ(d0)|	  <	  3	  and	  

z0<1	  mm.	  
•  Isola.on.	  	  

Track:	  Σ(pTtrack)/pT	  <	  0.15	  in	  a	  cone	  of	  
radius	  R=0.3	  
Calorimeter:	  Σ(ETcorr)/pT	  <	  0.14	  in	  a	  cone	  
of	  radius	  R=0.3	  

ELECTRON	  SELECTION.	  
•  Candidates	  sa.sfying	  the	  [ght++	  

iden.fica.on	  criteria.	  	  
•  Trigger:	  EF_e20_medium,	  

EF_e22_medium,	  EF_e22vh_medium1.	  
pT>25	  GeV	  is	  required	  to	  restrict	  to	  the	  
trigger	  efficiency	  plateau.	  

•  |η|	  <	  2.47,	  excluding	  1.37	  <	  |η|	  <	  1.52.	  
•  Impact	  parameter:	  |d0/√σ(d0)|	  <	  10	  and	  

z0<1	  mm.	  
•  Isola.on.	  	  

Track:	  Σ(pTtrack)/pT	  <	  0.14	  in	  a	  cone	  of	  	  
R=0.3	  
Calorimeter:	  Σ(ETcorr)/pT	  <	  0.13	  in	  a	  
cone	  of	  	  R=0.3	  

JET	  SELECTION.	  
•  Jets	  reconstructed	  with	  An[-‐kt	  algorithm,	  passing	  looser	  quality	  criteria.	  
•  pT	  >	  25	  GeV	  
•  |η|	  <	  2.8	  
•  Jet	  Vertex	  Frac.on	  >	  0.75	  to	  reject	  jets	  from	  pile-‐up	  interac.ons.	  
•  ΔR(j,l)	  >	  0.5	  ,	  l	  is	  the	  selected	  lepton.	  This	  to	  remove	  overlap	  between	  jets	  and	  energy	  deposits	  

due	  to	  leptons.	  
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Event	  selec.on	  
Dijets	  events	  are	  triggered	  by	  requiring	  a	  W	  ⟶	  lν	  decay.	  
	  
Ø  	  Events	  are	  firstly	  pre-‐selected	  applying	  cuts	  on	  event	  quality:	  	  

•  Stable	  beam	  condi.ons,	  absence	  of	  large	  noise	  bursts	  or	  data	  integrity	  errors	  in	  
the	  LAr,	  no	  jets	  of	  pT>20	  GeV	  poin.ng	  to	  the	  Lar	  non-‐sensi.ve	  area	  (Lar	  hole).	  

•  A	  reconstructed	  primary	  vertex	  with	  at	  least	  three	  associated	  tracks	  of	  pT>0.5	  
GeV	  

Ø  Events	  with	  one	  charged	  lepton	  passing	  
the	  object	  selec.on.	  
•  Events	  are	  discarded	  if	  a	  second	  

lepton	  passes	  the	  object	  selec.on.	  
•  Trigger-‐matching:	  a	  check	  to	  verify	  

that	  the	  selected	  lepton	  is	  the	  one	  
that	  fired	  the	  trigger	  in	  the	  event.	  

Ø  Events	  containing	  also	  a	  neutrino:	  	  	  Etmiss	  >25	  GeV	  
•  Cleaning	  cuts	  are	  applied	  to	  the	  jets	  before	  ETmiss	  cut	  to	  avoid	  non-‐physical	  ETmiss	  

due	  to	  jet	  reconstruc.on	  errors.	  
	  
Ø  Cut	  on	  the	  lepton-‐neutrino	  transverse	  mass:	  MT	  >	  40	  GeV	  

Entries  43532

Mt (MeV)
0 20 40 60 80 100 120 140 160 180

310×0

500

1000

1500

2000

2500

3000

3500

4000

4500 Entries  43532

muon-neutrino transverse mass

Muon	  channel:	  	  
subsample	  of	  the	  
analized	  dataset	  



Entries  5298

Mjj (MeV)
0 50 100 150 200 250 300

310×0

50

100

150

200

250

300
Entries  5298

jet-jet invariant mass(W events+jet selection+Dphi): black:lead-sublead, blue:lead-third, red:subl.-third

Figure 3.5: Invariant mass distributions for a subsample of the WW {WZ Monte-
Carlo dataset used for the calculation of acceptance. Distributions obtained with
the first and second jet in order of pT (black), with the second and the third (red)
and with the first and third (blue) are compared.
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Figure 3.6: Jet-Jet invariant mass (logarithmic scale), obtained with Lint “
4702 pb´1. The inclusive selection in the muon channel (a) and electron chan-
nel (b) has been applied.
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Once	  W	  ⟶	  lν	  events	  are	  selected,	  further	  cuts	  are	  applied	  to	  jets.	  
➙ with	  respect	  to	  the	  selec.on	  used	  in	  Standard	  Model	  diboson	  measurement,	  

fewer	  cuts	  are	  applied	  to	  apply	  wavelet	  analysis	  at	  a	  more	  inclusive	  level.	  
Ø  At	  least	  two	  jets	  passing	  the	  object	  selec.on	  
Ø  Δφ(Etmiss,	  j1)	  >	  0.8.	  Where	  j1	  is	  the	  jet	  of	  highest	  pT	  
Ø  The	  dijet	  invariant	  mass	  is	  built	  using	  the	  two	  selected	  jets	  of	  highest	  pT	  
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