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QCD

Nel continuo:

S =

∫
d4x

{
−1

4
F a
µνF

a µν +
∑
f

ψ̄f (iγµDµ −mf )ψf

}

F a
µν = ∂µA

a
ν − ∂νAa

µ − gfabcA
b
µA

c
ν (1)

Dµ = ∂µ + igAµ (2)

La QCD e' una teoria fortemente interagente
⇓

Necessita' di strumenti genuinamente nonperturbativi
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QCD su reticolo

Formulazione attraverso Path
Integral euclideo (t = −iτ)

Discretizzazione su reticolo,
con condizioni periodiche al
contorno (regolarizzazione
UV e IR)

Estensione temporale euclidea
∝ 1/T

(n’)
U (n)µ

n n+µ ψ

⇓
Il Path Integral diventa un integrale �nito dimensionale calcolabile con

metodi Monte Carlo

Azione Discretizzata:

SE
G = β

∑
�µν

[
1− 1

Nc

Re Tr Φ�µν

] 〈Ô〉 =
∫
DUO[U]e−SE [U]∫

DUe−SE [U]

Con Uµ(x) = exp(igsaAµ(x)).
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QCD in un campo magnetico esterno

Situazioni sperimentali o naturali in cui |eB| e' comparabile con le

scale di energia della QCD:

Heavy Ion Collisions (B ∼ 1015T ) (e.g. [1103.4239])

EW cosmological phase transition (B ∼ 1016T ) (e.g. [Vachaspati
91 ,Grasso, Rubinstein 01])

Magnetars (a type of neutron stars)(B ∼ 1010T )[Duncan,
Thompson 92]

Note: |eB| = 0.06GeV 2 → B = 1015T
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QCD in un campo magnetico esterno

Heavy Ion Collisions:

December 16, 2009 17:1 WSPC/139-IJMPA 04757

5928 V. V. Skokov, A. Yu. Illarionov & V. D. Toneev
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Fig. 2. The time evolution of the magnetic field strength eBy at the central point O (see Fig. 1)
in Au–Au collisions with impact parameter b = 4 fm in the UrQMD model, in one event (“1 ev”)
and averaged over 100 events (“100 ev”). The symbols are plotted every ∆t = 0.2 fm/c for
Elab = 60A GeV and ∆t = 0.01 fm/c for

√
sNN = 200 GeV.
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Fig. 3. The time evolution of the magnetic field strength eBy at the central point O (see Fig. 1) in
Au–Au collisions with impact parameter, b = 4 fm, in the UrQMD model, for different bombarding
energies. The symbols are plotted every ∆t = 0.2 fm/c for Elab = 60A GeV and ∆t = 0.01 fm/c for√

sNN = 200 GeV. The magnetic field obtained by modeling the gold ions as two Lorenz contracted
noninteracting uniformly charged spheres with radius R = 7 fm are shown by dashed lines.

velocity. On the other hand, for very high ultrarelativistic energies of a collision

the contribution to the magnetic field is feasible only for particles close to the

transverse plane (Rn − Rnvn) ∼ 0. The contribution from particles away from the

transverse plane is suppressed by the factor (1 − v2). From the expression (1) it

also follows that the characteristic magnetic field dependence on nuclei charge is

given by eB ∼ Z/R2, where R is the characteristic length scale proportional to the

nuclei radius. For stable nuclei we have R ∼ A1/3 ∼ Z1/3 and thus eB ∼ Z1/3,

demonstrating a weak field dependence on the nuclei charge (see similar estimate

in Ref. 17).

In Figs. 2 and 3, the time evolution of the magnetic field strength for SPS

and RHIC energies is shown. The magnetic field is created in the noncentral Au–

Au collision with the impact parameter b = 4 fm. The resulting field strength is
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[Skokov, Illarionov and Toneev, 09]
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QCD in un campo magnetico esterno
Previsioni teoriche note

E�etti sul vuoto della QCD (e�etti sui condensati e chiral

symmetry breaking, e�etti sul potenziale tra quark pesanti)

E�etti sul diagramma di fase della QCD (transizioni di fase)

E�etti sull'equazione di stato
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QCD in campo magnetico
Il campo magnetico su reticolo

Come si introduce

Uµ(n)⇒ Uµ(n)e iaA
EM
µ (n)

Quantizzazione di B sul toro (per
ragioni topologiche):

qB =
2π

a2
b

LxLy

Condizione di rilevanza �sica

qB <<
2π

a2

[53,54]: however, that would not be completely satisfac-
tory and would also be difficult because of different scale
settings and renormalization effects. What we will do
instead is to try separating the two different effects, by
inserting alternatively the magnetic field only in the com-
putation of the quark propagator (sampling in this case
configurations without the presence of the magnetic field),
or only in the sampling measure, i.e. in the fermion deter-
minant, without affecting the quark propagator computa-
tion. We will call the first contribution ‘‘valence’’ catalysis
and the second ‘‘dynamical’’ catalysis: both of them will
be compared with the full increase of the chiral condensate,
obtained when the magnetic field is inserted directly both
in the fermion determinant and in the computation of the
quark propagator. As we will show, the purely dynamical
contribution corresponds to a considerable part of the total
increase in the quark condensate.

The paper is organized as follows. In Sec. II we give
some details about our lattice discretization of QCD in
presence of a magnetic field and about our numerical setup.
In Sec. III we present our numerical results and finally, in
Sec. IV, we give our conclusions.

II. NUMERICAL SETUP

The discretization of Nf ¼ 2 QCD in presence of a
magnetic background field adopted in the present work is
similar to that reported in Ref. [42]. In particular, partition
function of the (rooted) staggered fermion discretized ver-
sion of the theory in presence of a nontrivial electromag-
netic background field and with different electric charges
for the two flavors, qu ¼ 2jej=3 and qd ¼ "jej=3 (jej
being the elementary charge), is written as

ZðT; BÞ %
Z

DUe"SG detM1=4½B; qu' detM1=4½B; qd'

(1)

Mi;j½B; q' ¼ am!i;j þ
1

2

X4

"¼1

#i;"ðuðB; qÞi;"Ui;"!i;j""̂

" u)ðB; qÞi""̂;"U
y
i""̂;"!i;jþ"̂Þ: (2)

DU is the functional integration over the non-Abelian
gauge link variables Un;$, SG is the discretized pure gauge
action (we consider a standard Wilson action); uðB; qÞi;"
are instead the Abelian gauge links corresponding to the
background e.m. field. The subscripts i and j refer to lattice
sites, "̂ is a unit vector on the lattice and #i;" are the
staggered phases. Periodic (antiperiodic) boundary condi-
tions (b.c.) must be taken, in the finite temperature theory,
for gauge (fermion) fields along the Euclidean time direc-
tion, while spatial periodic b.c. are chosen for all fields.

We shall consider a constant and uniform magnetic field
~B ¼ Bẑ. The presence of periodic b.c. in the x and y
directions imposes a constraint on the admissible values

of B, which get quantized, as illustrated in the following
subsection. Symmetry under charge conjugation imposes
that ZðT; BÞ as well as other charge even observables,
including the chiral condensate, be even functions of B.

A. Magnetic field on a torus

In presence of periodic b.c., the magnetic field in the
z direction goes through the surface of a torus in the x" y
directions, whose total extent is lxly. The circulation of A$

along any closed path, lying in the x" y plane and enclos-
ing an arbitrary region of area A (see e.g. Fig. 1), is
proportional, by Stokes’ theorem, to the flux of B through
the enclosed surface

I
A$dx$ ¼ AB (3)

On the other hand, since we are on a torus, it is ambiguous
to state which is the enclosed surface: the complementary
region of area lxly " A can be chosen as well, therefore one
can equally state

I
A$dx$ ¼ ðA" lxlyÞB: (4)

At the level of the gauge field the ambiguity is resolved by
admitting discontinuities in A$ somewhere on the torus, or
alternatively by covering the torus with various patches
where different gauge choices are taken. In any case, one
has to guarantee that the ambiguity is not visible by
charged particles moving on the torus, and this is true
only if the phase factor taken by the charged particle
moving along the closed path is defined unambiguously

expðiqBAÞ ¼ expðiqBðA" lxlyÞÞ; (5)

i.e. if

qB ¼ 2%b=lxly (6)

FIG. 1 (color online). Surface with periodic b.c. orthogonal to
the direction of the magnetic field. The phase factor taken by a
particle moving around the plotted contour must be defined
unambiguously and this leads to magnetic flux quantization.

MASSIMO D’ELIA AND FRANCESCO NEGRO PHYSICAL REVIEW D 83, 114028 (2011)
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Correlatore gluonico Gauge Invariante

Importanza del correlatore:

Fenomenologia delle alte energie

Modelli stocastici per la QCD (quarkonio)

Da esso si possono estrarre quantita' non perturbative, come ad esempio

Il condensato gluonico G2 [D'Elia, Di Giacomo, Meggiolaro 97]

Lunghezze di correlazione.

Stime della tensione di stringa

Gli e�etti del campo magnetico possono propagarsi al settore guonico

attraverso i campi dei quark.
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Correlatore gluonico gauge invariante
Descrizione e proprieta' fondamentali

∆µ1ν1,µ2ν2(z1 − z2) =
1

Nc

〈Tr Fµ1ν1(z1)Φ(z1, z2)Fµ2ν2(z2)Φ(z2, z1)〉

Φ(z1, z2) Operatore di trasporto parallelo lungo un cammino rettilineo

da z1 a z2.

Invariante per traslazioni

Invariante di gauge

Trasforma come un tensore

Eredita le proprie simmetrie sugli indici da Fµν = − i
g

[Dµ,Dν ]
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Correlatore gluonico gauge invariante
Descrizione e proprieta' fondamentali

Discretizzazione su reticolo

∆̂µ1ν1,µ2ν2 = Re〈Tr
[
Ωµ1ν1(n + ρ̂d)S(n + ρ̂d , n)Ω†

µ2ν2(n)S†(n + ρ̂d , n)
]
〉

Ωµν(n) e' la parte antihermitiana a traccia nulla del trasporto parallelo
attorno alla plaquette n.

µ

ν

ρ S†

S

Figure : Correlatore perpendicolare su reticolo
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Correlatore gluonico gauge invariante
Parametrizzazione a B = 0

Dalle simmetrie di ∆ segue la forma piu' generale:

∆µ1ν1,µ2ν2(z) = (δµ1µ2δν1ν2 − δµ1ν2δµ2ν1)D(z) +

1

2

(
∂

∂zµ1
(zµ2δν1ν2 − zν2δν1µ2) +

∂

∂zν1
(zν2δµ1µ2 − zµ2δµ1ν2)

)
D1(z)

Funzioni scalari per la parametrizzazione su reticolo, adatte per �medio
range�:

D(z) =
a0

z4
+ A0 exp

(
− z

λA

)
D1(z) =

a1

z4
+ A1 exp

(
− z

λA

)
D e D1 hanno parte perturbativa e nonperturbativa.
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Correlatore gluonico gauge invariante
Parametrizzazione a B = 0

Su reticolo ci interessano solo le componenti del tipo ∆µν,µν .

⇓
24 funzioni di correlazione non nulle, che possono essere quozientate in 2

classi di equivalenza:

D‖(z); se ρ = µ o ρ = ν;

D⊥(z); se ρ 6= µ e ρ 6= ν;
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Correlatore gluonico gauge invariante
Parametrizzazione a B 6= 0

F em
µν 6= 0⇒ un sacco di termini nuovi possibili!

La simmetria euclidea SO(4) e' eplicitamente rotta in SO(2)⊗ SO(2).
Su reticolo, cio' comporta le equivalenze tra direzioni x ∼ y , z ∼ t

Nuove classi di equivalenza:
Class Elements (µν, ρ) �Parent� Link dir ρ
Axy (d) (12,1) , (12,2) ‖ (12)
Azt(d) (12,3) , (12,4) ⊥ (34)
Bxy (d) (13,1) , (14,1) , (23,2) , (24,2) ‖ (12)
Bzt(d) (13,3) , (14,4) , (23,3) , (24,4) ‖ (34)
Cxy (d) (13,2) , (14,2) , (23,1) , (24,1) ⊥ (12)
Czt(d) (13,4) , (14,3) , (23,4) , (24,3) ⊥ (34)
Dxy (d) (34,1) , (34,2) ⊥ (12)
Dzt(d) (34,3) , (34,4) ‖ (34)
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Correlatore gluonico gauge invariante
Parametrizzazione a B 6= 0

Scegliamo di parametrizzare ogni classe indipendentemente, in una forma
simile a quella tradizionale. Una possibilita' e'

D(class)(z) =
a

(class)
0

z4
+ A

(class)
0

exp

(
− z

λ
(class)
A

)

Nota: non tutti i parametri sono indipendenti
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G2

Il condensato gluonico e' usato nelle regole di somma
[Shifman,Vainshtein,Zakharov 1979]

G2 =
1

4π2
〈F a
µνF

a µν〉

Su reticolo, e' legato al correlatore a corta distanza attraverso una
Operator Product Expansion :

1

2π2

∑
µ<ν

∆µν,µν(z) ∼
z→0

C1(z)〈1〉+Cg (z)G2 +

Nf∑
f =1

Cf (z)mf 〈: q̄f qf :〉+ . . .

Valore empirico 0.024± 0.011GeV 4[Narison, 96]
Per piccole masse dei quark

dG2

dmf

= −24

b
〈q̄f qf 〉

〈q̄
f
q
f
〉 ' −0.01GeV 3 , b = 11− 2

3
N
f
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Cooling

Tecniche di riduzione del rumore UV:

Cooling: sostituzione di ogni link di gauge con una matrice che
riduce il contributo locale all'azione

Smearing: Ogni link viene �mediato� con i suoi vicini

Gradient �ow: �cooling� regolato da un'equazione di�erenziale

In questo caso usiamo il Cooling.
Per SU(2)

U ′
µ(n) =

1

D

∑
ν 6=µ

U†
ν(n + µ̂)Uµ(n + ν̂)Uν(n)

e' la scelta che localmente minimizza l'azione.
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Cooling
E�etti del Cooling sui correlatori

Non e' possibile misurare correla-
tori a corta distanza

cmax ∝ d2

Il valore vero del correlatore e'
preso al plateau

C'e' un errore sistematico, oltre
all'errore statistico

δsys = D(cmax)− 1

2
(D(cmax + 1) + D(cmax − 1))
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Dettagli della simulazione

Lattice 244, lattice spacing a = 0.125fm, mπ = 480MeV

Nf = 2 rooted staggered

Values of eB ranging from 0 to 1.5GeV 2
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Correlators, Parallel classes
eB = 1.47GeV 2

2 4 6 8 1 0 1 2 1 4

d
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Correlators, Perpendicular classes
eB = 1.47GeV 2

2 4 6 8 1 0 1 2 1 4

d

10-5
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10-1

D
cl
a
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D 0
⟂

Azt

Cxy
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Fit strategy

Abbiamo provato varie parametrizzazioni

Abbiamo ridotto il numero di parametri indipendenti

Basandoci sull'evidenza, abbiamo assunto che i parametri
perturbativi fossero indipendenti da B e dalla classe
Abbiamo lasciato libere le lunghezze di correlazione e i
parametri non perturbativi
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G2
Incremento del condensato gluonico: gluon catalysis.
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Contributi a G2 da direzioni di�erenti
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λs
E�etti di B sulle lunghezze di correlazione
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Conclusioni

E�etti di B sui campi gluonici

Incremento del condensato gluonico

E�etti sulle lunghezze di correlazione

Sviluppi possibili

Determinazione al punto �sico

Studio del caso B 6= 0 con T 6= 0
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Conclusioni

Grazie per l'attenzione!
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Dipendenza da B dei parametri perturbativi
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